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Abstract
In this paper, we study the approximation of negative plurifinely plurisubharmonic function defined on a plurifinely
domain by an increasing sequence of plurisubharmonic functions defined in Euclidean domains.
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1. Introduction
Approximation is one of the most important tools in analysis. Let Ω be an Euclidean open set of Cn and let u be a
plurisubharmonic function onΩ. The problem of finding characterizations of u andΩ such that u can be approximated
uniformly on Ω by a sequence of smooth plurisubharmonic functions defined on Euclidean neighborhoods of Ω is
classical. The theorem of Fornæss and Wiegerinck [11] asserts that it is always possible if Ω is bounded domain
with C1-boundary and u is continuous on Ω. Recently, Avelin, Hed and Persson [3] extended this result to domains
with boundaries locally given by graphs of continuous functions. Therefore, it makes sense not only to ask for which
domains Ω such an approximation is possible, but to ask for a characterization of those plurisubharmonic functions
u that can be monotonically approximated from outside. According to the results by [5], [6], [9], [15] and the third
author, this is possible if the domain Ω has the F -approximation property and u belongs to the Cegrell’s classes in Ω.
The aim of this paper is to study approximation of F -plurisubharmonic function. More specifically, let u be a
negative F -plurisubharmonic function in F -domainΩ. We concern with sufficient conditions on u and Ω such that u
can be approximated by an increasing sequence of plurisubharmonic functions defined on Euclidean neighborhoods
of Ω. It is not surprising that we need some kind of Ω and u in analogy with the set up to make the approximation
possible. Namely, we prove the following.
Theorem 1.1. Let Ω be a bounded F -hyperconvex domain and let {Ω j} be a decreasing sequence of bounded hyper-
convex domains such that Ω ⊂ Ω j+1 ⊂ Ω j, for all j ≥ 1. Assume that there exists ρ ∈ E0(Ω), ρ j ∈ PS H−(Ω j) with
ρ j ր ρ a.e. in Ω. Then, for every p > 0 and for every u ∈ Fp(Ω), there exists an increasing sequence of functions
u j ∈ PS H−(Ω j) such that u j → u a.e. in Ω.
The paper is organized as follows. In section 2 we recall some notions of (plurifine) pluripotential theory. In
Section 3, we give the definition of bounded F -hyperconvex domain Ω and the class E0(Ω) which is similar as the
class introduced in [7] for the case is a bounded hyperconvex domain. In Section 4, we introduce and investigate the
class Fp(Ω), p > 0. Section 5 is devoted to prove the theorem 1.1.
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2. Preliminaries
Some elements of pluripotential theory (plurifine potential theory) that will be used throughout the paper can be
found in [1]-[27]. Let Ω be a Euclidean open set of Cn. We denote by PS H−(Ω) the family of negative plurisub-
harmonic functions in Ω. The plurifine topology F on Ω is the smallest topology that makes all plurisubharmonic
functions on Ω continuous. Notions pertaining to the plurifine topology are indicated with the prefix F to distinguish
them from notions pertaining to the Euclidean topology on Cn. For a set A ⊂ Cn we write A for the closure of A in the
one point compactification of Cn, AF for the F -closure of A and ∂F A for the F -boundary of A. The set of all negative
F -plurisubharmonic functions defined in F -open set Ω is denoted by F -PS H−(Ω).
Proposition 2.1. Let Ω be an F -open set in Cn and let u ∈ F -PS H−(Ω). Assume that χ : R− → R− is increasing
convex function. Then, χ ◦ u ∈ F -PS H−(Ω).
Proof. By Theorem 2.17 in [24], there exists a F -closed, pluripolar set E ⊂ Ω such that for every z ∈ Ω\E, there is an
F -open set Oz ⊂ Ω and a decreasing sequence of plurisubharmonic functions {ϕ j} defined in Euclidean open neigh-
borhoods of Oz such that ϕ j ց u on Oz. Since χ◦ϕ is plurisubharmonic functions in Euclidean open neighborhoods of
Oz and χ◦ϕց χ◦u on Oz, by Theorem 3.9 in [22] we have χ◦u ∈ F -PS H−(Oz). Therefore, χ◦u ∈ F -PS H−(Ω\E).
Moreover, since χ ◦ u is F -continuous on Ω. by Theorem 3.7 in [22] it implies that χ ◦ u ∈ F -PS H−(Ω). The proof
is complete.
Proposition 2.2. Let Ω be an F -open set in Cn and let ϕ be strictly plurisubharmonic function in Cn. Assume that
u, v ∈ F -PS H−(Ω) such that ∫
Ω∩{−∞<u<v}
(ddcϕ)n = 0.
Then, u ≥ v on Ω.
Proof. Let z ∈ Ω ∩ {u > −∞} and λ > 0 with u(z) > −λ. Choose r > 0 and ψ ∈ PS H−(B(z, r)) such that ψ(z) > − 12
and B(z, r) ∩ {ψ > −1} ⊂ Ω. Put
f :=

max(−4λ, u + 4λψ) in Ω
−4λ in B(z, r)\Ω
and
g :=

max(−4λ, v + 4λψ) in Ω
−4λ in B(z, r)\Ω.
By Proposition 2.3 in [23] and Proposition 2.14 in [22] it follows that f , g ∈ PS H−(B(z, r)). From the hypotheses we
have
0 ≤
∫
B(z,r)∩{−∞< f<g}
(ddcϕ)n ≤
∫
Ω∩{−∞<u<v}
(ddcϕ)n ≤ 0.
This implies that f ≥ g in B(z, r). Hence, u(z) ≥ v(z), and therefore, u ≥ v in Ω ∩ {u > −∞}. Since u, v are
F -continuous, by Theorem 3.7 in [22] we obtain that u ≥ v in Ω. The proof is complete.
Definition 2.3. Let Ω be an F -open set in Cn and let QB(Ω) be the trace of QB(Cn) on Ω, where QB(Cn) is denoted
the measurable space on Cn generated by the Borel sets and the pluripolar subsets of Cn. Assume that u1, . . . , un ∈
F -PS H(Ω) be finite. Using the quasi-Lindelo¨f property of plurifine topology and Theorem 2.17 in [24], there exist
a pluripolar set E ⊂ Ω, a sequence of F -open subsets {Ok} and the plurisubharmonic functions f j,k, g j,k defined in
Euclidean neighborhoods of Ok such that Ω = E ∪
⋃∞
k=1 Ok and u j = f j,k − g j,k on Ok. We define O0 := ∅ and
∫
A
ddcu1 ∧ . . . ∧ ddcun :=
∞∑
j=1
∫
A∩(O j\⋃ j−1k=0 Ok)
ddc( f1,k − g1,k) ∧ . . . ∧ ddc( fn,k − gn,k), A ∈ QB(Ω). (2.1)
By Theorem 3.6 in [24], the measure defined by (2.1) is independent on E, {Ok}, { f j,k} and {g j,k}. This measure is
called the complex Monge-Ampe`re measure.
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Proposition 2.4. Let Ω be an F -open set in Cn and let u1, . . . , un ∈ F -PS H(Ω) be finite. Then, ddcu1 ∧ . . . ∧ ddcun
is non-negative measure on QB(Ω).
Proof. The statement follows from [4], Theorem 2.17 in [24] and Lemma 4.1 in [24].
Proposition 2.5. Let Ω be an F -open set in Cn and let µ be non-negative measure on QB(Ω). Assume that u, v ∈
F -PS H(Ω) are finite such that (ddcu)n ≥ µ and (ddcv)n ≥ µ in Ω. Then (ddc max(u, v))n ≥ µ in Ω.
Proof. Put v j := max(u, v − 1j ), where j ∈ N∗. By Theorem 4.8 in [24] we have
(ddcv j)n ≥ 1{u≥v}(ddcu)n + 1{u<v− 1j }(dd
cv)n ≥ 1{u≥v}∪{u<v− 1j }µ.
Since v j ր max(u, v) on Ω, by Theorem 4.5 in [23] we obtain (ddc max(u, v))n ≥ µ in Ω. The proof is complete.
Proposition 2.6. Let Ω be an F -open set in Cn and let u ∈ F -PS H−(Ω) be finite. Assume that {u j} is a monotone
sequence of negative, finite, F -plurisubharmonic functions such that u j → u a.e. on Ω. Then
∫
Ω
f (ddcu)n ≤ lim inf
j→+∞
∫
Ω
f (ddcu j)n,
for every non-negative, bounded, F -continuous function f on Ω.
Proof. From Theorem 3.9 in [22], there exists aF -closed, pluripolar set E ⊂ Ω such that u j → u onΩ\E. By Theorem
4.5 in [23] we have the sequence of measures (ddcu j)n converges F -locally vaguely to (ddcu)n on Ω\E. Using the
quasi-Lindelo¨f property of plurifine topology, there exist a pluripolar set F ⊂ Ω\E, a sequence of F -open subsets
{Ok} and non-negative F -continuous functions χk in Cn with compact support on Ok such that Ω\E = F ∪
⋃∞
k=1 Ok,
0 ≤ χk ≤ 1,
∑∞
k=1 χk = 1 on Ω\(E ∪ F) and∫
Ok
fχk(ddcu)n = limj→+∞
∫
Ok
fχk(ddcu j)n, for all k ≥ 1.
It follows that
∫
Ω
f (ddcu)n =
∫
⋃∞
k=1 Ok
f (ddcu)n = sup
l≥1
l∑
k=1
∫
Ok
fχk(ddcu)n
= sup
l≥1
lim
j→+∞
∫
Ω
f

l∑
k=1
χk
 (ddcu j)n ≤ lim infj→+∞
∫
Ω
f (ddcu j)n.
The proof is complete.
3. The class E0(Ω)
Definition 3.1. Let Ω be bounded F -domain Ω in Cn. Then, Ω is called F -hyperconvex if there exist a negative
bounded plurisubharmonic function γΩ defined in a bounded hyperconvex domain Ω′ such that Ω = Ω′ ∩ {γΩ > −1}
and −γΩ is F -plurisubharmonic in Ω.
We say that a bounded negative F -plurisubharmonic function u defined on bounded F -hyperconvex domain Ω
belongs to E0(Ω) if
∫
Ω
(ddcu)n < +∞ and satisfy for every ε > 0, there exists δ > 0 such thatΩ ∩ {u < −ε} ⊂ Ω′∩{γΩ >
−1 + δ}.
Remark 3.2. If Ω is bounded hyperconvex domain then it is F -hyperconvex. Moreover, there exists a bounded
F -hyperconvex domain that has no Euclidean interior point.
Proposition 3.3. Let Ω be a bounded F -hyperconvex domain in Cn. Then E0(Ω) , ∅.
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Proof. LetΩ′ be a bounded hyperconvex domain in Cn and let γΩ ∈ PS H−(Ω′)∩L∞(Ω′) such thatΩ = Ω′∩{γΩ > −1}
and −γΩ ∈ F -PS H(Ω). Let ψ ∈ E0(Ω′) ∩ C(Ω′) such that −1 ≤ ψ < 0 in Ω′. Choose ε0 > 0 such that
G := {ψ < −2ε0} ∩ {γΩ > −1 + 2ε0} , ∅.
We define
ρ := sup{ϕ ∈ F -PS H−(Ω) : ϕ ≤ max(−1 − γΩ, ψ) on G}.
Since max(−1 − γΩ, ψ) ∈ F -PS H−(Ω) and G is F -open set, we have ρ ∈ F -PS H−(Ω). Let ε > 0. Choose δ ∈ (0, ε).
Because
−1 ≤ max(−1 − γΩ, ψ) ≤ ρ < 0 in Ω
and γΩ is upper semi-continuous on Ω′, it follows that
{ρ < −ε} ⊂ {ψ < −ε} ∩ {γΩ > −1 + ε}
⊂ {ψ ≤ −ε} ∩ {γΩ ≥ −1 + ε} ⊂ Ω′ ∩ {γΩ > −1 + δ}.
It remains to prove that
∫
Ω
(ddcρ)n < +∞. Put
u :=

max(− 1
ε0
, ρ + 1
ε0
γΩ) in Ω;
− 1
ε0
in Ω′\Ω.
From Proposition 2.3 in [23] and Proposition 2.14 in [22] we get u ∈ PS H(Ω′). By Proposition 3.2 in [23] we have
ρ is F -maximal in {ψ > −2ε0} ∪ {−1 < γΩ < −1 + 2ε0}. Moreover, since ρ = u − 1ε0 γΩ in {γΩ > −1 + ε0} and
{ψ < −ε0} ⋐ Ω
′
, by Theorem 4.8 in [23] it follows that
∫
Ω
(ddcρ)n =
∫
{ψ<−ε0}∪{γΩ>−1+ε0}
(ddcρ)n
=
∫
Ω′∩({ψ<−ε0}∪{γΩ>−1+ε0})
(ddc(u − 1
ε0
γΩ))n
≤
∫
Ω′∩{ψ<−ε0}
(ddc(u + 1
ε0
γΩ))n < +∞
(because Ω′ ∩ {ψ < −ε0} ⋐ Ω′). Therefore, ρ ∈ E0(Ω), and hence, E0(Ω) , ∅. The proof is complete.
Proposition 3.4. Let Ω be a boundedF -hyperconvex domain in Cn. Assume that u ∈ E0(Ω) and v ∈ F -PS H(Ω) such
that u ≤ v < 0 in Ω. Then, v ∈ E0(Ω) and ∫
Ω
(−ρ)(ddcv)n ≤
∫
Ω
(−ρ)(ddcu)n,
for every ρ ∈ F -PS H−(Ω) ∩ L∞(Ω). Moreover, if u = v in {u > −ε0} for some ε0 > 0 then∫
Ω
(ddcv)n =
∫
Ω
(ddcu)n.
Proof. LetΩ′ be a bounded hyperconvex domain in Cn and let γΩ ∈ PS H−(Ω′)∩L∞(Ω′) such thatΩ = Ω′∩{γΩ > −1}
and −γΩ ∈ F -PS H(Ω). Fix ε > 0. Choose δ > 0 such that
Ω ∩ {u < −ε} ⊂ Ω′ ∩ {γΩ > −1 + δ}.
Since u ≤ v < 0 in Ω, we get
Ω ∩ {v < −ε} ⊂ Ω ∩ {u < −ε} ⊂ Ω′ ∩ {γΩ > −1 + δ}.
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It remains to prove that ∫
Ω
(−ρ)(ddcv)n ≤
∫
Ω
(−ρ)(ddcu)n,
for every ρ ∈ F -PS H−(Ω) ∩ L∞(Ω). We consider two cases follows.
Case 1. u = v in Ω ∩ {u > −ε0} for some ε0 > 0. Let ψ ∈ E0(Ω′) ∩ C(Ω′). Choose δ0 > 0 such that
Ω ∩ ({ψ > −2δ0} ∪ {γΩ < −1 + 2δ0}) ⊂ Ω ∩ {u > −ε0}.
Without loss of generality we can assume that −1 ≤ u ≤ v < 0 and −1 ≤ ρ ≤ 0 in Ω. Put
f :=

max(− 1
δ0
, u + 1
δ0
γΩ) in Ω
− 1
δ0
in Ω′\Ω
, g :=

max(− 1
δ0
, v + 1
δ0
γΩ) in Ω
− 1
δ0
in Ω′\Ω
and
ϕ :=

max(− 1
δ0
, ρ + 1
δ0
γΩ) in Ω
− 1
δ0
in Ω′\Ω.
From Proposition 2.3 in [23] and Proposition 2.14 in [22] we get f , g, ϕ ∈ PS H(Ω′). By Theorem 4.8 in [24] we have
(ddcu)n = (ddcv)n in Ω ∩ {γΩ < −1 + 2δ0}.
Since ρ = h − 1
δ0
γΩ, u = f − 1δ0 γΩ, v = g − 1δ0 γΩ in {γΩ > −1 + δ0} and f = g in {ψ > −2δ0} ∪ {γΩ < −1 + 2δ0}, by
integration by parts yields∫
Ω
ρ[(ddcv)n − (ddcu)n] =
∫
{γΩ>−1+δ0}
ρ[(ddcv)n − (ddcu)n]
=
∫
{γΩ>−1+δ0}
(ϕ − 1
δ0
γΩ)[(ddc(g − 1
δ0
γΩ))n − (ddc( f − 1
δ0
γΩ))n]
=
∫
Ω′
(ϕ − 1
δ0
γΩ)[(ddc(g − 1
δ0
γΩ))n − (ddc( f − 1
δ0
γΩ))n]
=
∫
Ω′
(ϕ − 1
δ0
γΩ)ddc(g − f ) ∧ [
n−1∑
j=0
(ddc( f − 1
δ0
γΩ)) j ∧ (ddc(g − 1
δ0
γΩ))n− j−1]
=
∫
Ω′
(g − f )ddc(ϕ − 1
δ0
γΩ) ∧ [
n−1∑
j=0
(ddc( f − 1
δ0
γΩ)) j ∧ (ddc(g − 1
δ0
γΩ))n− j−1]
=
∫
Ω
(v − u)ddcρ ∧ [
n−1∑
j=0
(ddcu) j ∧ (ddcv)n− j−1] ≥ 0.
This follows that ∫
Ω
(ddcu)n =
∫
Ω
(ddcv)n
and ∫
Ω
(−ρ)(ddcv)n ≤
∫
Ω
(−ρ)(ddcu)n.
Case 2. The general case. Fix λ ∈ (0, 1) and define
v j = max(u, λv − 1j ), where j ∈ N
∗.
Since u = v j in {u > − 1j }, by the case 1 and Theorem 4.8 in [24] we get∫
Ω
(−ρ)(ddcu)n ≥
∫
Ω
(−ρ)(ddcv j)n
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≥∫
{u<v j}
(−ρ)(ddcv j)n = λn
∫
{u<λv− 1j }
(−ρ)(ddcv)n.
It follows that
∫
Ω
(−ρ)(ddcu)n ≥ sup
λ∈(0,1)
λn supj≥1
∫
{u<λv− 1j }
(−ρ)(ddcv)n

= sup
λ∈(0,1)
[
λn
∫
Ω
(−ρ)(ddcv)n
]
=
∫
Ω
(−ρ)(ddcv)n.
The proof is complete.
4. The class Fp(Ω)
Definition 4.1. Let Ω be a bounded F -hyperconvex domain in Cn and let p > 0. Denote by Fp(Ω) is the family of
negative F -plurisubharmonic functions u defined on Ω such that there exist a decreasing sequence {u j} ⊂ E0(Ω) that
converges pointwise to u on Ω and
sup
j≥1
∫
Ω
(1 + (−u j)p)(ddcu j)n < +∞.
Remark 4.2. If u ∈ Fp(Ω) then u ∈ Fq(Ω) for all q ∈ (0, p).
Proposition 4.3. Let Ω be a bounded F -hyperconvex domain in Cn and let p > 0. Assume that u ∈ Fp(Ω) and
{u j} ⊂ E0(Ω) such that u j ց u on Ω and
sup
j≥1
∫
Ω
(1 + (−u j)p)(ddcu j)n < +∞.
Then, ∫
{u>−∞}
(ddcu)n = sup
j≥1
∫
Ω
(ddcu j)n.
Moreover, if u is bounded then ∫
Ω
(−v)(ddcu)n = sup
j≥1
∫
Ω
(−v)(ddcu j)n,
for every v ∈ F -PS H−(Ω) ∩ L∞(Ω).
Proof. We consider two cases.
Case 1. u is bounded. First, we claim that if v ∈ E0(Ω) then∫
Ω
(−v)(ddcu)n = sup
j≥1
∫
Ω
(−v)(ddcu j)n. (4.1)
Indeed, without loss of generality we can assume that −1 ≤ u ≤ u j < 0 in Ω. Let Ω′ be a bounded hyperconvex
domain in Cn and let γΩ ∈ PS H−(Ω′) ∩ L∞(Ω′) such that Ω = Ω′ ∩ {γΩ > −1} and −γΩ ∈ F -PS H(Ω). Let {δk} be a
decreasing sequence of positive real numbers such that δk ց 0 and
Ω ∩ {v < −
2
k } ⊂ Ω
′ ∩ {γΩ > −1 + 2δk} for all k ≥ 1.
Define
χk :=

max(min(−kv − 1, 1
δk
(1 + γΩ) − 1, 1), 0) in Ω;
0 in Cn\Ω.
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It is clear that χk is F -continuous function with compact support on Ω′. Fix k ≥ 1. Put
f :=

max(− 1
δk
, u + 1
δk
γΩ) in Ω
− 1
δk
in Ω′\Ω
and
f j :=

max(− 1
δk
, u j + 1δk γΩ) in Ω
− 1
δk
in Ω′\Ω.
By Proposition 2.3 in [23] and Proposition 2.14 in [22] it follows that f , f j ∈ PS H−(Ω′)∩L∞(Ω′). Since u = f − 1δk γΩ,
u j = f j − 1δk γΩ in {γΩ > −1 + δk} and {χk , 0} ⊂ {γΩ > −1 + δk}, by [4] we get∫
Ω
χk(−v)(ddcu)n =
∫
Ω′
χk(−v)(ddc( f − 1
δk
γΩ))n
= lim
j→+∞
∫
Ω′
χk(−v)(ddc( f j − 1
δk
γΩ))n
= lim
j→+∞
∫
Ω
χk(−v)(ddcu j)n.
Moreover, since {χk , 1} ⊂ {v ≥ − 2k }, we get
lim sup
j→+∞
∫
Ω
(−v)(ddcu j)n ≥
∫
Ω
χk(−v)(ddcu)n
≥ lim inf
j→+∞
∫
Ω
(−v)(ddcu j)n − lim sup
j→+∞
∫
Ω
(1 − χk)(−v)(ddcu j)n
≥ lim inf
j→+∞
∫
Ω
(−v)(ddcu j)n − lim sup
j→+∞
∫
{v≥− 2k }
(−v)(ddcu j)n
≥ lim inf
j→+∞
∫
Ω
(−v)(ddcu j)n − 2k supj≥1
∫
Ω
(ddcu j)n.
Let k ր +∞, by Proposition 3.4 we obtain that
∫
Ω
(−v)(ddcu)n = lim
j→+∞
∫
Ω
(−v)(ddcu j)n = sup
j≥1
∫
Ω
(−v)(ddcu j)n.
This proves the claim. Now, fix ρ ∈ E0(Ω) and define vk := max(v, kρ), where k ∈ N∗. By Proposition 3.4 it implies
that vk ∈ E0(Ω). Hence, by (4.1) and Proposition 3.4 we get∫
Ω
(−v)(ddcu)n = sup
k≥1
∫
Ω
(−vk)(ddcu)n
= sup
k≥1
sup
j≥1
∫
Ω
(−vk)(ddcu j)n
 = sup
j≥1
∫
Ω
(−v)(ddcu j)n.
(4.2)
Case 2. The general case. Let k ∈ N∗. Since u j ≤ max(u j,−k) < 0 in Ω, by Proposition 3.4 we have max(u j,−k) ∈
E0(Ω) and
sup
j≥1
∫
Ω
[1 + (−max(u j,−k))p](ddc max(u j,−k))n
≤ (1 + kp) sup
j≥1
∫
Ω
(ddcu j)n < +∞.
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Therefore, max(u,−k) ∈ Fp(Ω). Hence, by (4.2) and Proposition 3.4 we get
∫
Ω
(ddc max(u,−k))n = sup
j≥1
∫
Ω
(ddc max(u j,−k))n = sup
j≥1
∫
Ω
(ddcu j)n.
Moreover, by Proposition 2.1 we have −(−um)min(p,1) ∈ F -PS H−(Ω) for all m ≥ 1. Hence, again by Proposition 3.4 it
implies that
∫
Ω
(−u)min(p,1)(ddc max(u,−k))n = sup
m≥1
∫
Ω
(−um)min(p,1)(ddc max(u,−k))n
= sup
m≥1
sup
j≥1
∫
Ω
(−um)min(p,1)(ddc max(u j,−k))n

≤ sup
m≥1
sup
j≥1
∫
Ω
(−um)min(p,1)(ddcu j)n

= sup
j≥1
∫
Ω
(−u j)min(p,1)(ddcu j)n
≤ sup
j≥1
∫
Ω
(1 + (−u j)p)(ddcu j)n.
It follows that ∫
{u≤k}
(ddc max(u,−k))n ≤ 1
kmin(p,1)
sup
j≥1
∫
Ω
(1 + (−u j)p)(ddcu j)n.
Therefore, by Theorem 4.8 in [24] we get
∫
{u>−∞}
(ddcu)n = lim
k→+∞
∫
{u>−k}
(ddc max(u,−k))n
= lim
k→+∞
∫
Ω
(ddc max(u,−k))n = sup
j≥1
∫
Ω
(ddcu j)n.
The proof is complete.
Proposition 4.4. Let Ω be a bounded F -hyperconvex domain in Cn and let p > 0. Assume that u ∈ Fp(Ω) and
v ∈ F -PS H(Ω) with u ≤ v < 0 then v ∈ Fmin(p,1)(Ω) and
∫
{v>−∞}
(ddcv)n ≤
∫
{u>−∞}
(ddcu)n.
Proof. Let {u j} ⊂ E0(Ω) such that u j ց u in Ω and
sup
j≥1
∫
Ω
(1 + (−u j)p)(ddcu j)n < +∞.
Put v j := max(u j, v). By Proposition 3.4 we have v j ∈ E0(Ω). Moreover, by Proposition 2.1 we have −(−v j)min(p,1) ∈
F -PS H−(Ω). Hence, again by Proposition 3.4 it implies that
sup
j≥1
∫
Ω
[1 + (−v j)min(p,1)](ddcv j)n ≤ sup
j≥1
∫
Ω
[1 + (−v j)min(p,1)](ddcu j)n
≤ sup
j≥1
∫
Ω
[2 + (−u j)p](ddcu j)n < +∞.
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Since v j ց v in Ω, it implies that v ∈ Fmin(p,1)(Ω). Therefore, by Proposition 3.4 and Proposition 4.3 we obtain
∫
{v>−∞}
(ddcv)n = sup
j≥1
∫
Ω
(ddcv j)n
≤ sup
j≥1
∫
Ω
(ddcu j)n =
∫
{u>−∞}
(ddcu)n.
The proof is complete.
Proposition 4.5. Let Ω be a bounded F -hyperconvex domain in Cn and let p > 0. Assume that u ∈ Fmin(p,1)(Ω) and
v ∈ F -PS H−(Ω) such that (1 + (−u)p)(ddcu)n ≤ (1 + (−v)p)(ddcv)n in Ω ∩ {u > −∞} ∩ {v > −∞}. Then u ≥ v in Ω.
Proof. Let ϕ be smooth strictly plurisubharmonic function in Cn such that Ω ⊂ {ϕ < 0}. Put v j := max(u, v + 1jϕ) on
Ω, where j ∈ N∗. First, we claim that
(ddcv j)n ≥ (ddcu)n in Ω ∩ {u > −∞} ∩ {v > −∞}.
Indeed, by the hypotheses it implies that
(ddc(v + 1jϕ))
n ≥ (ddcv)n ≥ 1 + (−u)
p
1 + (−v)p (dd
cu)n ≥ 1{u≤v+ 1j ϕ}(dd
cu)n
in Ω ∩ {u > −∞} ∩ {v > −∞}. Hence, by Proposition 2.5 we get
1{u≤v+ 1j ϕ}(dd
cv j)n ≥ 1{u≤v+ 1j ϕ}(dd
cu)n in Ω ∩ {u > −∞} ∩ {v > −∞}.
Moreover, by Theorem 4.8 in [24] we have (ddcv j)n = (ddcu)n in Ω∩{u > v+ 1jϕ}∩ {u > −∞}∩ {v > −∞}. Therefore,
(ddcv j)n ≥ (ddcu)n in Ω ∩ {u > −∞} ∩ {v > −∞}.
This proves the claim. Since v j ≥ u in Ω, by Proposition 4.4 we have
∫
{u>−∞}
(ddcu)n ≤
∫
{v j>−∞}
(ddcv j)n ≤
∫
{u>−∞}
(ddcu)n < +∞.
It follows that 1{v j>−∞}(ddcv j)n = 1{u>−∞}(ddcu)n in Ω. Therefore, by Theorem 4.8 in [24] we get∫
{−∞<u<v j}
(ddcϕ)n ≤ jn
∫
{−∞<u<v j}
[(ddc(v + 1jϕ))
n − (ddcv)n]
≤ jn
∫
{−∞<u<v j}
[(ddcv j)n − (ddcu)n] = 0.
Thus, ∫
{−∞<u<v}
(ddcϕ)n = sup
j≥1
∫
{−∞<u<v j}
(ddcϕ)n = 0.
From Proposition 2.2 we have u ≥ v on Ω. The proof is complete.
5. Proof of theorem 1.1
Proof. Let {ϕ j} ⊂ E0(Ω) such that ϕ j ց u on Ω and
sup
j≥1
∫
Ω
(1 + (−ϕ j)p)(ddcϕ j)n < +∞.
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By Proposition 2.6 we have
∫
{u>−∞}
(1 + (−u)p)(ddcu)n ≤ sup
k≥1
∫
Ω∩{u>−∞}
(1 + (−ϕk)p)(ddcu)n
≤ sup
k≥1
[
lim inf
j→+∞
∫
Ω
(1 + (−ϕk)p)(ddcϕ j)n
]
≤ sup
j≥1
∫
Ω
(1 + (−ϕ j)p)(ddcϕ j)n < +∞.
Moreover, since the measure 1Ω∩{u>−∞}(1 + (−u)p)(ddcu)n vanishes on all pluripolar subsets of Ω j, by Theorem 4.10
in [12] there exists u j ∈ Fp(Ω j) such that
(1 + (−u j)p)(ddcu j)n = 1Ω∩{u>−∞}(1 + (−u)p)(ddcu)n in Ω j.
By Theorem 4.8 in [12] we have u j ≥ u j+1 in Ω j+1. Moreover, since u ∈ Fmin(p,1)(Ω), by Proposition 4.5 it implies that
u ≥ u j in Ω for all j ≥ 1. Let v be the least F -upper semi-continuous regularization of lim j→+∞ u j on Ω. By Theorem
3.9 in [22] we get u j → v a.e in Ω.
We claim that v ∈ Fmin(p,1)(Ω). Indeed, put vk := max(v, kρ), where k ∈ N∗. By Proposition 3.4 we have
vk ∈ E0(Ω). Since max(u j, kρ j) ր vk a.e. in Ω, by Proposition 2.1, Proposition 2.6 and Lemma 3.3 in [1] we get
∫
Ω
[1 + (−vk)min(p,1)](ddcvk)n ≤ lim infj→+∞
∫
Ω
[1 + (−vk)min(p,1)](ddc max(u j, kρ j))n
≤ lim inf
j→+∞
∫
Ω j
[1 + (−max(u j, kρ j))min(p,1)](ddc max(u j, kρ j))n
≤ lim inf
j→+∞
∫
Ω j
[1 + (−u j)min(p,1)](ddcu j)n
≤ 2 lim inf
j→+∞
∫
Ω j
[1 + (−u j)p](ddcu j)n
= 2
∫
Ω∩{u>−∞}
(1 + (−u)p)(ddcu)n.
Hence,
sup
k≥1
∫
Ω
[1 + (−vk)min(p,1)](ddcvk)n ≤ 2
∫
Ω∩{u>−∞}
(1 + (−u)p)(ddcu)n < +∞.
It follows that v ∈ Fmin(p,1)(Ω). This proves the claim. Since v ≥ u j in Ω, so
(1 + (−v)p)(ddcu j)n ≤ (1 + (−u)p)(ddcu)n in Ω ∩ {u > −∞}.
Moreover, since u j ր v a.e. in Ω, by Theorem 4.5 in [23] we have
(1 + (−v)p)(ddcv)n ≤ (1 + (−u)p)(ddcu)n in Ω ∩ {u > −∞} ∩ {v > −∞}.
Hence, by Proposition 4.5 it implies that v ≥ u in Ω, and therefore, u = v in Ω. Thus, u j → u a.e. in Ω. The proof is
complete.
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